
On fixer of finite Ree group
with socle "Gu(q)



Let GESymle) be finite and transitive

K = G is called a fixer if each elements in K fixes

some point ini

#) K& G is a fixer if HkEK ,
k is conjugate to

some element in Gw
.

For the remainiy . Let Go =*G219) , where q= 32
+/

Go 1G 1 Ant (Gol

Theorem : Let G be primitive on 1 . if KEG is a fixer

with1KIIG) then

(GW . K) is one of the following.

is

ii)
[Gz(k) zie "Gr(kl]

Let It be a simple-algebra of type G2 over K .

with

roof system E.

# =E Ir .
0 - - -- Ir be a Cartan decomposition .

and Shr ,
er

,
re be a Chevalley basis .

Ref Chapter
4. I Carter

The Chevalley group of type Gn
over K .

Ga(K) is the

subgroup of the automorphism group of I generated by

Exit) , reEteK] ·
-

where yect) = exp(tader)= It tader tadet...de



Low-dim B3

Carter 72

Matrix generator of
Leuchukf5

Uni-nil classes 12



[graph automorphism of Galk)]

Chark =3

There is a permutation on r-5 , obtained by

reflecting the line bisecting a and b.

-

Theni: Xalt)-> XFI r))
Where cr

, rl is the

inner-product

- extends to an automorphism ofCadroadry)
Galk) .

[pf] · T preserves the Chevalley relations (ref . Prop 12 . 2 . 1)
Carter.

[ Field automorphism]·

Let f be an automorphism of K

Then f : Xr(t) -> Xr(tf) extends to an

automorphism of Ga(k) ,
called the field automorphism.

[Lemma] : If = St .

Let O be an field automorphism
-

of G2(k) which maps XrCt) to Xr(t3Y)

1 E +30] .

↑

T~Go(q)f = -Gu(q) Ref :
Low-dim

--

Go=GgG & Aut(Gol=able
where of maps XrIt) to YrCt]



[Borel subgroup of Go = "Gr(9)].

Let U be the subgroup of G2(9) generated by [xrit) , ret

+Fg] ,
then U is called a maximal unipotent subgroup of Gull

a maximal

Then Q = UM
-

Gr(g) is - unipotent subgroup of Go=Gu(9)

-whichis also a Sylow 3-subgroup of Go (

x(t) = Xa(t + )Xb(t) Xa+b(t
*+ 1X2a+b(t 20+ )

B(U) = Xatb (48) Xbath (4) Carter P236 .

-

V(V) = X 2a+b(vt)Xsa+zb(v)

Xs(t , u . v) = x(t)B(n) V(r) ,
where S = Ea .

b ,
atb, zatb ·

bath
, batzb)

is an equivalence class

& EXs(t , u . vs/ to u . veq) with

Xs(t , u . vi XsCt, u , vll= Xs(t ++ ,
uth- t(t138,

v+r'- tu

+ t(t-30+ 1
-+(t(B)

Cor Xst . u . Y)
Xst ,

u
, rIXsIt ,

u-thpo+++30
,
v-tu + tu' + +(pot
-t30+ -t-(1)38+ (t +)235)

Nolt) = XrIt) X.r(t-)Xr(t) hr(t) = MrCt)Moc- 1) hitt = haltiho(t30)

H = [hcs)/seFaY]

Xs(t , n .
vihis) = Xs(g*t , SABOn ,

S-v)

B = QH is a Borel subgroup of Go,

G= BLBgB for some gB
-

z(Q) =(Xs10 ,
0

, v//veta)
Q = [X(0

, u . vi)n , v Ea] is an elementary abelian 3-

group of order q2

Q)Q' = gall elements of order 9 in Q3



= Go-classes of uripotent elements] ·

Let z = Xs (0 .
0 . 1) =Z(Q)

y = Xs(0 ,
( , d = Q (z(Q)

*= Vs(1 , 1 . 0) EQIQ

X'EQIQ' ,
and (X') is not conjugate to (1"in Go

E(Go)wEGu(90)
Lemma:It : X , (1) ,

#It is a set of

representative for Go-class of unipotent elements.

IfAssureXXEQandgeGoble
forThank

I simple group)

X = Xs(t , U. v) (t effaY) is conjugate to X- in Go

#> there exists +'Eg such that

u - +30+ 1
= -(t1j0+ + +30t

TABLE 22 . 2 .7 Unipotent classes and centralizers in

-Gr(q) , q= zan+ (Unipotent elevents and hilpotent
elevents in simple algebraic group

class rep. nor of Go-class centralizer order

in G in GM Go in Go

I I RG2(g))

Ails I 93

G2 E 39, 39 , 39

G2(91) 2 292
, 292



[Subgroups] .

Go has four cyclic Hall subgroup
is AsC NGo(A0)D219-1)

ii Ale C (Aile(CXC) : Co

iii) AzCa-st NGolAulE Ca-st : Co

iv) AbECatit(13)ECatdt: Co

Let So be a Sylow 2-subgroup of Go ,
and

So be a Sylow 3-subgroup of Go , respectively

1) NooLSz) = C : G : C E ArL , 18)

wilN-S3)is a Borel subgroup of Go

LEMMA .
(LEMMA2 of Levchuk(85

A solvable subgroup of Go is conjugate to one of the

groups in is -> (vi)

LEMMA (LEMMA6 of LevchakfS

If KIGo is non-solvable · then K is isomorphic to

one of the follong four subgroups

i) PSLu(8) ii) CXPSLzcq') .
iii) PSLCq' iv)Gala'



Assume Go is a maximal subfield subgroup with

EG2(90), where 9=90t ,
and wis an odd prime.

· characterize fixers K =G with 1K11GW).

Lemma . [Reduction]

Ko := KIGo is a fixer of Go with 1K0/1(Go)u/

First , we claim that K is solvable.

Assure the contrary K is non-solvable, Ko is isomorphic
to one of i PS((8) . GXPSL2(q) , PSLzlq1) -Gr(g')

·

Since (Kolw = 9190-111t it follow thati

Ko is Bomorphic to one of CXPSG(q) . PSL2(g),

-Grlg) ,
with a s 90·

Then Ko contains an element of order ,

but (Gow

does not contain an element of such order ,
a contradic

trion-

Thus ,
K is solvable

, andKo is conjugate to

one of NaoCAi) ,
itE0

.
1 . 2 , 33 .

NaoIS2) · /go(Ss)

·

Ling:TKIGo is conjugate to a subgroup of B.



9= 900 ,
r is an odd prine

We may assume G = (g(pr) = Cao(d : <P

Lemma : Ko is further conjugate to a subgroup of

&Migo) ,
where H190) = [h(s)/ SE go *3

Ref : Matrix generators. CLOR2).

[pf) : There is a 7-dimensional irreducible representation of

Go : P : Go -> GG(q) such that

P (B) = Supper-triangular matrices in PlGo)]

P(H) = & diagonal matrices in P(Go)

↑ ((Go)w) = Call matrices with entries ingo
in P(Gol]

= G(> (90) nPCGo)

Note thathematrices in PCB) that are similar to
-

some matrices GG(90) > P((Go)w) arese with diagonal
-

entries ingo .

= (PQH 190)-

"Simliar means conjugate in Ghy(q) .
"

isconjugate to a subgroup of&H 1901)
↓
H (90)= (Go)W

Analyze Go-classes of uripotent elements in (Golw.



Does (Golw contain an element of order & X
,
such

-

that X is not conjugate to Xil in Go=G2(g)

X = Xs(t , U. v) (t effaY) is conjugate to X- in Go

#> there exists +'Eg such that

u - +30+ 1
= -(t1j0+ + +30t

Gow E-G2190) = Cao(pr)

Note that each element of
order 9 in (Golw is conjugate

to(1 , u , v) in (Golw.

Xs(1 , u , v) is conjugate to Xs(I . n , v

E there exists + Etta such that

x1 = - (1>30 + +

By additie Hilbert do.

# TrFFaITs(u'- 1) = 0

If 9= 903
·
for each n'Ego.rFalEs (n'- 1) = 0 .

each element of order 9 in Cor=0is conjugate to its inverse.

If 9793 ,
there exists a such

that TrialFzln'-1) to ,
and there exists X-(Golw such

that 01 =9
,

and X is not conjugate to"in Go.



If 99 each element in Q is conjugate to an

element in (Golw : (90) is indeed a fixer .

#99 each element of order 9 in is

-

conjugate to its inverse.

Ko = QH(90) for sore go Go .

We might assure MoEQH(g)) (since K9 is still a
-

fixer)
EKnQ

X = Xs(t , u.
Tea) is conjugate to X" in Go

#> there exists +'Eg such that

u - +30+ 1
= -(t1j0+ + +30t

u = +Ot
EA EA

A Sa -2301aEFg] = Kernel of trace map from

Fa to #3

Trials (1) = [i] = 0. = IEA

x=(t, u , v) is conjugatetoA
&



#/kMZ(Q)= quetal there
exists VEFg such that

Xs(0 ,
u . viEk]

KMQ/knd = Steffal there exists u . veFa such that

Xs(t- u , v)EK].

⑮For: KaSez(0)
u = M +

30+ A.

to Kna/knQ

There exists v . 9 Ur ,
VzEta. Xs 10 ,

u , vileK ,

*U2, V2EK -

&

Xs(t , U2 , V2)
.Xs10 .

u . vi) = XsCt , natH .
UzthlEK

.

-

UzE +BotA ,
UztHetBotA .

EnetBotA

·Study fitA for TEq and its size.



· study ItA for
and its size.

Lem : Let Spanis (Ti)
be the additie subgroup of The

generated by [t
+ 1 +ET]

spane(T-1) = [Zaiti") tieT) .

T

MtA = H * A.
teT xE Spans(T-1)

Ipf7 : By induction on ITI,

It = 1 .

It1 = 2 , T=St , ti] ,
if to= -+

We may assure to F -t

want to show

tAA for any a be

tAntiA = St(a-23011 deta) NtA

= [trj+/Eat
-> Itia-ab/ab) *

tanA
= tANtA .Frefore , tAntAE A l



span(T- = [Faiti"(tieT) .

tA = N * A.
xE Spans(T-1)

Assure@ holds for ITI = 1 .
... k-1.

we prove it for 1T1 = K ·

Then T = Et . ,
- . . +r]

,
for each X SpanEtil---ti)

we need to show tA * A

Assure 1- Spanista--tr] ,
then by induction

RtA EltAAtET

We may assure X-DSpanEtz'---trl] ,
then there

exists ofa -
--ansuch that x= actit .. - + artist

REA = tAMAAntit..

"

+artic
A

teT

(by induction =>arti+... tantis
A

again)
=A

I



·ItA = M A

Lemma x SpanFs(T-1)

&A + dim (Span(T-1)) = dimTra
= 2n+

nekna/knz(a):For any-
u = M +

30+ A.

to Kna/knQ

=>M (KMQ/knQ' #dimFKna/anzl
-

=> IKNQ = (Kol = 92 190 - 1)< /Goa

a contradiction

& 903 ,

If (GolEG2190) ,
then No is conjugate to a

-

-subgroupof &Hig0) , 97903



LemmailH190)= <P) is a fixer.
-

2. Each fixer is conjugate to a subgroup

#(90) : <4) ·

·

Characterize fixers K with 1KI(Gw)
.

such thatK is not Conjugateto


