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Graphs are finite, simple (undirected, no multiple edges, no loops) and connected

Automorphisms of a graph I = (V, E) are permutations of V preserving E

A graph I' is arc-transitive if Aut(I') is transitive on arcs (directed edges)
V(x, ), (z, w) with {x, v}, {z,w} € E(I')
Jo € Aut(I') s.t. (x,y)8 = (z, w)

Valency is the number of neighbours of a vertex




Tutte’s theorem p_

Let I be a finite 3-valent, connected graph and

G < Aut(I') transitive on the arcs of I".
1,...,5}
| Gv‘ < 48. Aut(P) = erm Ss y

Aut(P), = S X S,



Tutte’s theorem

Let I be a finite 3-valent, connected graph and
G < Aut(I) transitive on the arcs of I .

G, | <48,

v

Census of 3-valent arc-transitive graphs on < 10000 vertices (Conder)

Asymptotic enumeration (Potocnik, Spiga, Verret)



L.ocal action

I"is a connected graph, G < Aut(I’) vertex-transitive.
The pair (I', G) is locally-L if G, ~ I'(v) induces L.

It]'=K,,and G = Aut(K,, ) = 5,25, thenG, =5, | X§,and L = §,.

ANWA a

O\ O\

The pair (K, ,, S, 2.S,) is locally-S,.

1’



Graph growth

L. = permutation group
|G, | 1

Graph growth of L
is the growth rate of |G, | wrt | V() |

in locally-L pairs (I', G).

locally-L pairs (T, G)




Graph growth

Graph growth of L
is the growth rate of |G, | wrt | V(T) |
in locally-L pairs (I', G).
Tutte’s theorem

A, and §; have Constant growth

|G, | 1

locally-A; and locally-S; pairs (', G)




Graph growth

Graph growth of L
P S locally-D, pairs (I', G), n > 6 even
is the growth rate of |G, | wrt | V() | G| 1
V
in locally-L pairs (I', G). R

Tutte’s theorem

A; and S5 have Constant growth

For even n > 6, D, has Polynomial growth e * ¢
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o o
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Graph growth

Graph growth of L
locally-L pairs (I', G) with L an imp. wr. prod.
is the growth rate of |G, | wrt | V(T) | G| 1
V ®

in locally-L pairs (I', G).
Tutte’s theorem

A, and §; have Constant growth

For evenn > 6, D, has Polynomial growth




Graph growth

Graph growth of L
is the growth rate of |G, | wrt | V(T) | Remarks

in locally-L pairs (I', G).

“Slow” graph growth still allows

Tutte’s theorem

for cool results.

Graph growth is always at most Exponential.
This might not be the full list
of types of graph growth!

A, and §; have Constant growth

For evenn > 6, D, has Polynomial growth




My PhD project



Graph growth of transitive permutation groups

Degree <7
Degree Constant Polynomial Exponential

2 S, / /

5 Ay, S5 / /

4 Cy, Vi, Ay, Sy / D,

5 Cs Ds / /

I 50 AS ’ SS

6 six groups Dg nine groups
/ seven groups / /




Graph growth of transitive
permutation groups of degree 8




Graph growth of transitive permutation groups of degree 8

Graph growth # Groups
semiprimitive
Constant 14 P
groups
D8
Polynomial 3 SDyg
S4 N cube
various imprimitive
Exponential 50 P
groups

Every normal subgroup is

transitive or semiregular.



Graph growth of transitive permutation groups of degree 8

Graph growth i Groups
Constant 14 semiprimitive
groups
D8
Polynomial 3 SD,
S4 N cube
I0US Imprimiti
Exponential 30 various imprimitive
groups
VO([FZL) X A4
Vo(F5) . S,

Every normal subgroup is

transitive or semiregular.



Three transitive groups of degree 8

@ Exponential graph growth
@ Unknown graph growth

Admit a unique block system

with four blocks of size 2

Deleted permutation module

Vo) = {(v), ..., v,) € F'] ) v, = 0]
=1

"2

LA,

Vol

Vo(l

F,2 S,







Hujdurovi¢, Potoc¢nik, Verret (2022)



L, < L, = transitive permutation groups of degree n |]: l L2

[ = finite field of order ¢
ISR

F L,
Foo Ay, Vo(B).S; V(B X S, Vo(F*) X L,

Vo(F) X A Vo(F") X L,




L, < L, = transitive permutation groups of degree n |]: l L2

[ = finite field of order ¢
F 28,

F2 L,
F,e A, V(FH.S,  Vy(Fh xS, Vo(F*) X L,

Vo(F3) X Ay Vo(F) X L,




Locally-(V,(F*) > L,) pairs

via lexicographic products
Taken =4,F=F,and L, = A,.

L = VO([Fg) X A, has a block system with four blocks of size two.

X Y = X[K]



Locally-(V,(F*) > L,) pairs

via lexicographic products F, 2 Aut(X) = YO 5 Aut(X)
< Aut(Y)

L = VO([F‘ZL) X A, has a block system with four blocks of size two.
Can we find an
O C <[ Aut(X) s.t.
ﬁ ° (Y, C)is locally-L?
e e
* 1. H < Aut(X) locally inducing A,
O 2. M < F'zv(X)l an H-module

locally inducing VO([F;L)

X Y = X[K,]



Locally-(V,(F*) > L,) pairs

via lexicographic products O O
C=MXH 9

L = VO([FLZL) X A, has a block system with four blocks of size two. I

1. H < Aut(X) locally inducing A,

Q 2. M < [Flzv(X)| an H-module
0 locally inducing VO([F;‘)

Y = X[K;]

(X, H) is locally-A,



Locally-(V,(F*) > L,) pairs

via lexicographic products Q Q
C=MXH 9

L = VO([FLZL) X A, has a block system with four blocks of size two. I

1. H < Aut(X) locally inducing A,

2. M < [Flzv(X)| an H-module

° locally inducing VO([F;‘)

‘g
* ‘
‘

Y = X[K;]

(X, H) is locally-A,



Locally-(V,(F*) > L,) pairs

via lexicographic products Q O
C=MXH 9

L = VO([FLZL) X A, has a block system with four blocks of size two. I

1. H < Aut(X) locally inducing A,

2. M < [F|2V(X)| an H-module

c locally inducing VO([F;‘)

. R -
>
@ R

Y = X[K;]

(X, H) is locally-A,



Locally-(V,(F*) > L,) pairs

via lexicographic products Q O
C=MXH 9

L = VO([FLZL) X A, has a block system with four blocks of size two. I

2. M < [F|2V(X)| an H-module

0 0
'g c locally inducing VO([F;‘)
1

> | s
O . Forf € M, if f(v) = 0, then 2 f(u) = 0 (over

MNXV

(X, H) is locally-A, -
Y = X[K,]

1. H < Aut(X) locally inducing A,




0-around-0 modules

X = vertex-transitive graph, A = adjacency matrix of X over a field

Aut(X)-modules M < FY™®) satisfying the 0-around-0 property

J(v) =0= (Af)(v) = Zf(u) =4

A-eigenspaces of X Theorem
E, is the space of all functions f € F%) such that The non-trivial eigenspaces E, of X are
(Af)(v) = 4f(v), Vv € V(X) precisely the maximal 0-around-0 modules

> |

E,is a 0-around-0 module, VA €

The same holds for general linear operators

A F = [FV, where Vis a transitive G-set.




Locally-(V,(F*) X L,) pairs

via lexicographic products

6 =V, (") X Lyand (Y,,C, ) islocally-L for allm € N

Construction Conditions

Y =X [K
n = Xl K] .(X, H,)islocally-L,

Cm — <Em’ Hm> — Em X Hm

4.Vo(F") is an irreducible L;-module
H, < Au(X ) E = E,(X, )overl




ABC lemma

X = graph,v € V(X) with C < A < Aut(X) vertex-transitive groups of automorphisms
(X, C)islocally-# and (X, A) is locally-</

Potocnik, Spiga, Verret (2014)

It C'is normal in A, then for every & with &f > 98 > € we can find B < Aut(X) such that:
. A>2B>C
2. (X, B)islocally-%,

5. |B,|=t|C,|withtdepending only on €.

You can get everything ‘inbetween’ A and C, and all stabilisers will have the same growth!!!



Applying the ABC lemma

Y, = X,IK,]

C,={E,. H,) =E, > H, with (Y,, C,) locally-V,(F") x L, *

Vo(l



Locally-I2 L, pairs

via lexicographic products

A =FvL,and (Y,,A ) islocally-L forallm € N

Construction Conditions

Y =X [K
m = Xl K] 2. (X,,G,) is locally-L,

Ay = Ep Gy My A € F)

3f, € P& with £ —f € E(X,),Vx€H,
G, <Aut(X), Lk = E,X, ) overl-




Applying the ABC lemma

Y, =X,[K,]

A, = {E,.G, ., /€ F)with (Y,,A,)locally-F2 L, * |

Fi L,

C = < E . Hm> = FE X H_ with (Y, ,B,)locally-V, (") X L, * VO([



Applying the ABC lemma

Ym — Xm[Fq] =29
2

A, = (E,.G,.f, : 2 € F)with (Y,,A,,) locally-[-2 L,
C,=(E,.H,) =E, X H, with (Y,,B,) locally-V,(F") X L,
F2 L,

Conditions
3.H_ isnormalinG,, V()([Fn) X L1

af, € X with £ —f € E Vx€H,




ABC Lemma: ) L2

For all L with V(") X L, <L <L,

we obtain locally-L pairs {(Y,, B,) },,on With

[ (B,), | = 1] (C,), | F2 L,
VO(I]:”)><1L2

(B, | = t1(C), | = t1(E, X H,),| > |E,| = ¢@ME

| Vi(F" ><lL
dimp(E,(X,)) > ¢| V(X,,)] O( ) XLy



|(B,),| =t|(C,),| =t|(E, X H,),|>|E,| =q9m&n

For all L with V(IF") X L, < L <[ L,
we obtain locally-L pairs {(Y,,, B,) } ,,en With \

‘(Bm)v‘ > qdim(Em) > (qc/CJ)IV(Ym)\

EXPONENTIAL GROWTH!



L, < L, = transitive permutation groups of degree n

Fi L,
[ = finite field of order ¢
X, } e = infinite family of n-regular graphs /
H_ ,G, < Aut(X, )= vertex-transitive groups of symmetries
Fi L,

1. (X, ,H ) islocally-L,,

I SO V(E") X L,
>, (Xm, Gm) i lOC&"Y'Lz, nsuring the correct local action

on the bottom

3. H_ isnormalinG,,
4. Vy(F")is anirreducible L;-module, VO([F”) X L,

5. d4 € Fand a constant ¢ > 0 such that dimg(E,(X ) > c| V(X )|,
6. 3f, € "W suchthatf* —f € E(X ),Vx€H,.



L, < L, = transitive permutation groups of degree n

F2 L,
[ = finite field of order ¢
X, } e = infinite family of n-regular graphs /
H_ ,G, < Aut(X, )= vertex-transitive groups of symmetries
Fi L,

1. ., H ) is locally-1;,

oo ) 18 OS2 . | Vo(E") X L,

. Ensuring the correct local action
2. (X, G,)is locally-L,,
on the top

3. H_ isnormalinG,,
4. Vy(F")is anirreducible L;-module, VO([F”) X L,

5. d4 € Fand a constant ¢ > O such-that dimg(E,(X ) > c| V(X )|,
6. 3f, € "W suchthatf* —f € E(X ),Vx€H,.



L, < L, = transitive permutation groups of degree n

Fi L,
[ = finite field of order ¢
X, } e = infinite family of n-regular graphs /
H_ ,G, < Aut(X, )= vertex-transitive groups of symmetries
Fi L,
1. (X, ,H ) islocally-L,,
2. (X, G,)is locally-L,, nsuring we can apply
the ABC lemma
3. H_ isnormalinG,,
4. Vy(F")is anirreducible L;-module, VO([F”) X L,

5. d4 € Fand a constant ¢ > O such-that dimg(E,(X ) > c| V(X )|,
6. 3f, € "W suchthatf* —f € E(X ),Vx€H,.



L, < L, = transitive permutation groups of degree n

F) L,
[ = finite field of order ¢
X, } e = infinite family of n-regular graphs /
H_ ,G, < Aut(X, )= vertex-transitive groups of symmetries
Fi L,
1. (X, ,H )islocally-L,,
2. (X, G,)islocally-L,, GROWTH!
3. H_ isnormalinG,,
4. Vo(F")is anirreducible L,-module, VO([I:”) X L,

5. d4 € Fand a constant ¢ > 0 such that dimg(E,(X ) > c| V(X )|,
6. 3f, € "W suchthatf* —f € E(X ),Vx€H,.



L, < L, = transitive permutation groups of degree n

Fi L,
[ = finite field of order ¢
X, } e = infinite family of n-regular graphs /
H_ ,G, < Aut(X, )= vertex-transitive groups of symmetries
Fi L,

1. (X, ,H ) islocally-L,,

( m m) y-Lq Vo(ujn) N L2
2. (X, ,G,)islocally-L,,
3. H_ isnormalinG,,
4. Vy(F")is anirreducible L;-module, VO([F”) X L,

5. d4 € Fand a constant ¢ > 0 such that dimg(E,(X ) > c| V(X )|,
6. 3f, € "W suchthatf* —f € E(X ),Vx€H,.

Every group L with V(") X L, < L. <2 L, has exponential graph growth.



L, < L, = transitive permutation groups of degree n

F) L,
[ = finite field of order ¢
X, } ,en = infinite family of n-regular graphs /
H_ ,G, < Aut(X, )= vertex-transitive groups of symmetries
Fi L,

1. (X, ,,H, )islocally-L,,

( m m) y-Lq Vo(ujn) N L2
2. (X, G,)is locally-L,,
3. H_ isnormalinG,,
4. Vy(F")is anirreducible L;-module, VO(I]:”) X L,

5. d4 € Fand a constant ¢ > 0 such that dimg(E,(X ) > c| V(X )|,
6. 3f € FFE)suchthatf* —f € E,(X ),Vx€ H, .

Every group L with V(I-") X L, < L < [F2 L, has exponential graph growth.



F,-eigenspaces of 4-valent 2-arc-transitive graphs

Database of all locally-A, and locally-$, graphs on at most 2000 vertices (Potoc¢nik, 2008)

Dimension of EO
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7> — voltage covers of T,

m_
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7> — voltage covers of T,

m_

Method

\ ;\\ Malnic, Marusi¢ and Potocnik (2004)
““‘ N\
i)‘(’l‘\\ \\\ * (T3, H)islocally-A, and (T3, G) is locally-$,

\N
2 7
AN
I !,I'IA‘}‘\ S * Basis of a 5-dimensional subspace U < H{(T5,, Z,,)
Y / = 4,4,‘~ 74 invariant under Aut(75y) N H(T5y, Z,,)

Result

X = Z>-cover of Ty,

(X, ,H, )islocally-A, and (X, G, ) is locally-$,

H,_ isnormal in G,




What about the F,-cigenspaces of X ?

VX, | /dim(EyX,) | | V(X,) | /dim(E(X,,)

2.142 7.5 Conjecture:
4.285 12 V(X :
l (Sm) ‘ - 8, when m is odd
4.972 18.044 dim(E,(X ) =
| V(X,,) | .
4.897 23.237 - 32, when m is even

S

4.997 20.907

4.996 50.152




The universal eigenvector

Using MAGMA we obtain:

x = (-eigenvector of X with

support of size 15 located in this

V(T;n) X O
* subset

X7
V(T55) X v
max v, =m — 1 : : . | V(Xm) |
dim(Ey(X,,)) > dim <xg g € Aut(Xm)> >
V(T59) X Vv 15
maxyv; =m — 2




Degree 8

F,2 S,

A, VRS, V(F) XS,

\/ Exponential
4&” graph growh

Vo(F3) X A,

3f, € P suchthatf* — f, € E,(X ),Vx € H,



Graph growth of some groups of degree 10

F, 2 D.

N

F,2Cs V() .Ds V() X Ds

ANV

Vo(”:g) X Cs




Method

Malnic¢, Marusic¢ and Potocnik (2004)
* (I, H)islocally-Cs and (I, G) is locally-Ds with H normal in G

* Basis of a 4-dimensional subspace U < H,(l, Z,,) invariant
under Aut(l) ~» H(1, Z,)

Result

I = Z}-coverof |

(L, H,)islocally-Cs and (I, G,) is locally-Ds

H,_ isnormalin G,




F,-eigenspacesof [,

m V()| /dimEyd,)) | 1Vd,)| /dimEd,))
1 o0 2

2 o0 2.742

3 12.15 2.981

4 00 2.982

5 46.875 2.997

6 27.771 2.996

7 30.012 2.999

8 00 2.998

dim(E, (1)) =

Conjecture:

| V(Z,) |

-2, when m is odd

3
| V()|

3

6, when m is even




Result

I = Z%-coverof

(L, H,)islocally-Cs and (I, G,) is locally-Ds

H, isnormalin G,

| V()|
12

fistheliftof f € [F;/(”) suchthatf* - fe E/(l),x e H

dimg (E,(1,,)) >




Graph growth of some groups of degree 10

F, 2 D.

S 0Cs V() .Ds  Vy(F3) X Ds

t

Exponential

graph growh

Vo(F3) X Cs



Work in progress



Recent developments: Twisting Vectors

X = graph, G < Aut(X) is transitive on vertices

F=field, A € [F

Proposition

A twisting vector exists if and only if the following equation has a solution
%

AX) —ADx = 1



Recent developments: T'wisting Vectors (over [,)

A twisting vector exists if and only if the following equation has a solution
_>

(AX) —ADx = 1

even valency odd valency
ﬁ
A=0 1
ﬁ
A=1 1




Recent developments: T'wisting Vectors (over [,)

A twisting vector exists if and only if the following equation has a solution
_>

(AX)—Alx =1

even valency odd valency
May not exist! —
A=0 1
(recall T5)
_) :
1 =1 1 Always exists!




Recent developments: Twisting Vectors (over [F)

A twisting vector exists if and only if the following equation has a solution
%

AX) = ADx = 1

even valency odd valency

FACT

1
ek




New description of the exponential family

Sabidussi double-coset graphs

Gn = VO(ZZ) X AS
a, = ([1, — 1,19 - 190]5(192)(3?4)) < Gn

Infinite family of graphs I, with
V(I,) = right cosets of H,,in G,
El)=Hx~Hy < xy 'eHaH,




Graph growth of low degree groups Future work

The eigenspace technique

Questions?

Thank you for your attention!

dimg(E;(X,) > c| V(X,) ]|



