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Why need to consider elementary abelian subgroups

@ Motivation:

Many open conjectures such as the McKay, Dade or Alperin
Weight conjectures in the representation theory of finite groups
can be studied by reducing to finite quasi-simple groups.

In such studies, p-radical subgroups and their local structure
———
play a critical role.

e R=D0®)
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Why need to consider elementary abelian subgroups
7 t‘L——'NG\(P) Pég .

e Every p-radical subgroup R of G with O,(G) # G is radical in
. —
some maximal-proper p-local subgroup fG.
———
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Why need to consider elementary abelian subgroups

e Every p-radical subgroup R of G with O,(G) # G is radical in
some maximal-proper p-local subgroup M of G.

@ Every M of G can be realized as the normalizer of an elementary
abelian p-subgroup E.



Why need to consider elementary abelian subgroups

e Every p-radical subgroup R of G with O,(G) # G is radical in
some maximal-proper p-local subgroup M of G.

@ Every M of G can be realized as the normalizer of an elementary
abelian p-subgroup E.

p-radical subgroup R <@: N(;Saz
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Why need to consider elementary abelian subgroups

e Every p-radical subgroup R of G with O,(G) # G is radical in
some maximal-proper p-local subgroup M of G.

@ Every M of G can be realized as the normalizer of an elementary
abelian p-subgroup E.

p-radical subgroup R < M = Ng(E)

@ Soitis sensible to first classify the elementary abelian subgroups
of G.
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How to classify E in finite groups

@ Approach by An, Dietrich and Litterick

Classify in a linear algebraic group G.

C


mfu361
Pencil


How to classify E in finite groups

@ Approach by An, Dietrich and Litterick
Classify in a lin aic group G.

1

Transfer the results to the finite group of Lie typ he fixed

oint subgroup of G of the Steinberg endomorphism F.
G
E— Cer (£ _
¥ (E‘ l\/ CQF LI:.‘) .
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A conjue e
@ Suppose E has a conjugate in GF. Replacing E by%his conjugdteMpere is a
bijection:

Hne 1k
Nen

_—-

GF -classes of

subgroups of G

“contained in
Co(E)/C(E)°

hich are G-conjugat
to E
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What has been done

By An, Dietrich and Litterick:



E=<Twue J<G

By An, Dietrich and Litterick: Z)

1. classification and local structure of to alﬁ&'f the simple

algebraic groups

2. classification and local structure of nontoral E in an
exceptional simple algebraic group
3. classification and local structure of E in\{inite gxceptional *

groups of Lie type
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What has been done

By An, Dietrich and Litterick:

1. classification and local structure of toral E in all of the simple
algebraic groups

2. classification and local structure of nontoral E in an
exceptional simple algebraic group

3. classification and local structure of E in finite exceptional
groups of Lie type

By Andersen et al.:



What has been done

By An, Dietrich and Litterick:

1. classification and local structure o@E in all of the simple
algebraic groups —

2. classification and local structure of nontoral E in an
exceptional simple algebraic group

3. classification and local structure of E in finite exceptional
groups of Lie type

By Andersen et al.:

1. classification and local structure of E in the algebraic group
PGL,,(C) (Theorem 8.5)
S

———
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There is a one-to-one corrdspondence between the conjugacy classes of the

nontoral E of G, and the conjugacy classes of the toral A of PGL (C):
,

I'@x A @

{ nontoral E =
in PGL,,(€)
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An example of PGLg(C)

Table: Nontoral elementary abelian 2-subgroups of G = PGL¢(C)

Nontor CG(E) | CG(E)/Cg(E)° NG(E)/CG(E) ‘
'] x PGL3(C) Iy Sp,(2)
I X (SLa(C) 02 T1) N (S,I:IZX(ZZ) (1) =5
2 3J1l NG
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What we have done

@ an algorithm for the class distribution of nontoral E in PGL,(C)



=IGLAOF

PaL{0)- PG|, (@

@ an algorithm for the class distribution of nontoral £ 72(C)

@ classification and local structure of the maximal nontoral

elementary abelian 2-subgroups in PGL,,(g) for g a powgr of a
prime £ where £ = 1 (mod 4).
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What we have done

@ an algorithm for the class distribution of nontoral E in PGL,(C)

@ classification and local structure of the maximal nontoral
elementary abelian 2-subgroups in PGL,,(g) for g a power of a
prime £ where £ = 1 (mod 4).

@ classification and local structure of the nonmaximal nontoral
elementary abelian 2-subgroups in PGL,,(g) for ¢ a power of a
prime £ where £ = 1 (mod 4).



What we have done

@ Here are some more details.



What we have done

@ Here are some more details. \
G =PGL,(C),n=2"k. r > | and n is not a power of 2.
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What we have done

@ Here are some more details.
G =PGL,(C),n =2"k. r = 1 and n is not a power of 2.
The maximal nontoral 2-subgroups

Cot) €T)x Tm;_N;<E>/;G<;> - @ sn?+1) .
F
G > G :l;]\r. »r@‘)
PO~ 1ELE dad 1

=14/
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What we have done

@ Here are some more details.
G =PGL,(C),n =2"k. r > 1 and n is not a power of 2.

The maximal nontoral 2-subgroups (N/ \
M= C
E=T,x2"m=k-1 ‘x,

o
CG(E):Q X Ty !YG(E)/C (E) = (szﬁ) Sm+1 C;Z

= PGL,(g) for g a power of a prime ¢ where £ =
We see F' centralizes

F(n\c"\" nNG<E>/cG<E> 36
and th sses in Ng(E)/Cg(E)° contained in
ﬁG(E)/CG(E)O =T,. I N
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What we have done

Nonmaximal nontoral I_ % &)L

Letl%max =T, x Amax'be a maximal nontoral elementary abelfan

2-subgroup of G where A, is maximal toral in PGL;(C) and has

rank m where m = k — 1. Let}E; =T, x A;p b a nontoral elementary

abelian 2-subgroup of G where A;,; < Amax. F') G\ L (Q
F o ITVG(EI)/CG(EI)O—L -
Sp2r (2) )
rkAm><2r WPGLk(C)(AirL)

=z
[ X‘ PGLk((C)(A_inZ C@%?Ain)ﬁ
- |
NG(Emax)/CG(Emax)o = fr' (szr(z) X ) .

*mx2r  Sm+l

Tr s ﬂ“*n
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What we have done

Theorem

In G = PGL,,(C) where n = 2"k and r > 1, let E; = T, X A;,, be a nontoral elementary
abelian 2-subgroup and let E,,4x = f, X Amax be @ maximal nontoral elementary
abelian 2-subgroup. Here A,,., maximal toral in PGLy (C), has rank m where
m=k—1and A;, < A,ax.

There exists U; < N; such that u € Ng(E;) \ Cg(E)) for each nontrivial u € U; and
UCg(E )/Cg(E)) is the subgroup U;, of Wg(E)).




What we have done

Consequently, as is in the maximal nontoral case, Ng(E;)/Cg(E))° is
centralised by F for every nonmaximal nontoraleTementary abelian
2-subgroup E] of G and for g a power of a prime £ where

¢ = 1(mod 4).
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What we have done

We next descend to the finite groups. ' j e —

Case 1. A is nontrivial nonmaximal toral in PGL;(C) with
CpaL, (c)(A) connected.
N

=
G
E=T,xA /_),

CG(E) = I X Cpgr, (c)(A)

~ Ser(z) 0
NG(E)/CG(E) = (*rkAmXZV WPGLk(C)(Aln) )
CaB)/CGEY =T [ . &

o Ser(z) 0 \'
NGg(E)/Cs(E
a(B)/Ca(E) @*rmmxzr WeGLy () (Ain) I

—

N\ NS
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What we have done

A j ivi aximal toral in PGL, (C) with
CpiL, (c)(A) connected.

Hence there are two F-classes of Ng(E)/Cg(E)° in Cg(E)/Cg(E)°,
and correspondingly, there are two G¥ -conjugacy classes of
elementary abelian 2-subgroups.
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What we have done

Case 2. A is nontrivial nonmaximal toral in PGL; (C) with

Cp )(A) disconnected. <
A Ah g
e S SR

CG(E)/CG(E)° %®>< Cra, (0)(A)/Crar, c(A)°

) m\ Nl @m

m Xy



mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil

mfu361
Pencil


What we have done

Theorem

For n = 2° x ¢ with gcd (2,¢7) = 1 and s > 1, the conjugacy classes of the toral
elementary abelian 2-subgroups of G = PGL,(C) with disconnected centralisers have
representatives D = D, X Afor 1 < r < s,n=2" x k and A is trivial or a representative
of a conjugacy class of the toral elementary abelian 2-subgroups of PGLy (C) with
Crar, (C)(A) connected.
And

Cg(D)/Cg(D)° = B,.

GL,(2) 0

B Axr  WegLysr,)(O1)

o\

Ng(D)/Cq(

| 77=L uvhil
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What we have done

There are three F-classes of Ng(E)/Cg(E)° in Cg(E)/Cs(E)° and
correspondingly, there are three GF -conjugacy classes of elementary
abelian 2-subgroups.
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An example of PGLg(C)

1 X PGLg(C)
[ X (SLy(C) 0p T1)

F_ f]XZz I xT :
-™
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What we will do next

pey o
Faen (77 G, |
° Extend the condition of g being a PO ere}i\

tmaskd) o £ = 3 (mod 4).
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dod A1

e Extend the condition of ¢ bi-i?lg a power of a prime £ where £ = 1
(mod 4) to £ = 3 (mod 4).

o Extend to the elementary abelian p-subgroups of classical groups

of type A for_podd,
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What we will do next

e Extend the condition of ¢ being a power of a prime £ where £ = 1
(mod 4) to £ = 3 (mod 4).

o Extend to the elementary abelian p-subgroups of classical groups
of type A for p odd.

o Explore whether the above method can be applied to classify the
elementary abelian 2-subgroups and the local structure in
classical groups of type C; if not, then establish new methods to
accomplish this.



What we will do next

e Extend the condition of ¢ being a power of a prime £ where £ = 1
(mod 4) to £ = 3 (mod 4).

o Extend to the elementary abelian p-subgroups of classical groups
of type A for p odd.

o Explore whether the above method can be applied to classify the
elementary abelian 2-subgroups and the local structure in
classical groups of type C; if not, then establish new methods to
accomplish this.

o Classify the elementary abelian p-subgroups and the local
structure in classical groups of types B and D.



mfu361
Pencil


Thank you for listening!



