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Erdos-Ko-Rado

Theorem (Erdés-Ko-Rado)

Assume n > 2k and let F be a family of k-subsets of [n] such that any two
subsets of F intersects. Then

o |Fl< (7))

e n> 2k and |F|= (Zj) = F consists of all k-subsets containing a
given point from [n].

Erdés-Ko-Rado (abbreviated as EKR) type problem:
o Objects.

@ Definition of two objects “intersects”.

@ How large can an intersecting family be.
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Examples

Objects

Definition of 'intersect’

k-subsets of [n]

two subsets intersect if they intersect as sets

Subspaces of V

Wi, Wy C Vintersect if Wi N Way # (0)

Permutation group Gon A g1,82 € G intersect if 36 € A, §8 = §82

Cambridge studies in advanced mathematics

Erd6s-Ko-Rado
Theorems:
Algebraic
Approaches
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EKR problems for permutation groups

Throughout let G be a transitive permutation group on A with stabilizer
H = Gs for some § € A.

Let SC G, TFAE

@ For any 51,5 € S, there exists § € A such that % = §%2,

@ For any s1,s € S, there exists g € G such that 5152_1 € HS,
—1
Q 557 C UgecHE
Sis called an intersecting subset of G if S satisfies above.
Example

@ (Trivial intersecting subsets) H, H8 H8!gy.

@ G=1L3(q),q=pl, pisaprime and fis odd. The stabilizer H = o
S € Syl,(G) is an intersecting subset of G.

© Sis an intersecting subset Sg, S8 are intersecting subsets

y
Math. SUSTech Group Theory Seminar

November 20, 2022 5/23



EKR problems for permutation group.

Let G < Sym(A) be transitive and H = Gs.
e EKR property: For any intersecting set S we have |S| < |H|.
o strict EKR property: “EKR property” + Any intersecting set S with
S| = [H| = S = H&' ga.

Lemma
G has a regular subgroup = G has the EKR property.

Corollary

Frobenius groups have EKR property.
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Algebraic graph approach-CS bound
The derangement graph I'yg of G is defined as follows.
o V(ng) =G
o g ~gif glggl fixes no point in A, (i.e glggl is a derangement)

Observation:
@ Let D C G be the sets derangement of G, then D = D and
['4c = Cay(G, D).

@ Siis an intersecting subset of G <= S is an independent set in ['y¢.

Lemma

Let ' be a vertex-transitive graph, let C be a clique of I" and let S be an
independent set of T, then |C||S| < |V(T)|

Count {(g,¢c) | g€ Aut(I"),c € C, & € S} in two ways.
Remark |C| > |A| = G has the EKR property.
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Further examples

Example
The action of GL,(q) on Fg\{0} has EKR property.

Example
The natural action of S, on [n] has the EKR property.

Example

The action of PGL,(q) on 1-spaces of g has EKR property.
Let <;SX € GLa(q) : Fgn —> Fgn, aw> ax let Fr, = (), and let

m= q__ =14+qg+---4+¢" L. Then

{1d, 8¢, B¢z, -+ em1}

is a clique of the derangement graph of PGL,(q) of size |A|.

v

Math. SUSTech Group Theory Seminar November 20, 2022

8/23



The ratio bound.

Lemma

Let T' be a k-regular graph with least eigenvalue T and let o(T")
independence number. Then o(I')(1 — %) < |V(T)|.

Example
The Kneser graph I' = K(n, k) is defined as follows
o V(T') = k-subsets of {1,2,...,n}

@ 5] ~ S <— 51ﬂ52=®
Then F is intersecting <= F is an independent set of K(n, k).

The minimal eigenvalue of I' is — (" "), hence

a) < 1_<nkk)(/z_)<nkfll) = (Zj)
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The ratio bound

Observation Let D = {g € G| g fixes no point in A} C G, the adjacency
matrix of I'gg is the matrix of the multiplication of }_ ., g € Z(CG) on
CG with respect to the basis {g | g € G}.

Lemma

The eigenvalues of 'y are n,, = ﬁ > gep X(8), x € Irrc(G) - J
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All 2-transitive groups have EKR property.

o If Gis 2-transitive then Either G has a regular subgroup, or G is
almost simple.

@ Let K be a transitive subgroup of G and K has the EKR property,
then G has the EKR property (Lem 3.3 of Tiep 2015)

@ We may assume G is a simple 2-transitive group.

@ Let m be the permutation character of G and x( be the principal
character of G, then m = xg + ¥, where v is irreducible and

b(g) = fix(g) — 1.
o The eigenvalues of I'y¢ afforded by 1 is , = -1+ (—1)|D|.

n—1

o If ny is the minimal eigenvalue of I'yg, then we have

a(lge) < 11% = |—f| then G has the EKR property.

T
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Line Group §  Degree Condition on G Remarks

1 Alt(n) n Alt(n) <G < Sym(n) n>5

2 PSLy(g) L5 PSLg <G <PIL(g) n>2 (ng)#(22).(23)

3 Spy,(2) 2vM(2m-1) G=S n>3

4 Spy,(2) 2H2m+1) G=S n>3

5 PSUs(q)  ¢*+1  PSUs(g) <G <PIUs(g) q#2

6 Sz(q) ¢+l Sz(q) < G < Aut(Sz(q)) ¢=2"" m>0

7 Ree(q) ¢+1  Ree(q) <G < Aut(Ree(q)) ¢=3""* m >0

8 M, n M, <G<Aut(M,)  ne{l1,12,22,23,24},
M,, Mathieu group,

G=Sorn=22

9 My 12 G=§

10 PSLy(11) 11 G=9

11 Al(Y) 15 G=45

12 PSLy(8) 2 G =PXLy(8)

13 HS 176 G=5 HS Higman-Sims group

14 Cos 276 G=S Cog third Conway group
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The 2-transitive action of Sz(q).

Let G = Sz(q) where g = 2¢, let r=+/2q, C4 = (p) € G,
Co-1=(80) <G, Cor1 = (61) <G, Crp1 =(2) <G

1 P’ p P& 5 £
X ¢ 0 0 0 1 —1 -1
Xi ¢+1 1 1 1 eh(&f) 0 0
Y, (q-r+1)(@-1) r—1 -1 -1 0 —d(&h) 0
Zx (q+r+1)(g—-1) —-r—1 -1 -1 0 0 —eh(€L)
Wt S S S

Table: Character table of Sz(q)

where ¢} (&§) = ¢y + ¢ e {1,2,...,9 - 2}
(5{) C 4l +C{7tir+1 ‘|'C;sj-tr+1 +C;+tr+l’ te{l,2,...,q9+r}
k z Tk
ek(&h) = Cq r1 € Elr+1+qu:+1+C :—7—1' te{l,2,...,q—r}
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Permutation groups without EKR property

Theorem (K.Maegher, A Sarobidy Razafimahatratra 2021)
The action of AGLa(q) on affine lines does not have the EKR property. J

Observation: A block system of affine lines: ¢1, /5 is in the same block
— ” £s.
o Let AGL2(q)p be the kernel of AGLy(g) on blocks,

AGLy(q)s = {(Mg,2) | A € FX, z € F2}

e AGL2(q)p is an intersecting set
e If (M, z) € AGLy(q) fixes two blocks, then (M, z) fixes a line.

o let S be a 2-intersecting set of AGLy(qg) on blocks. (i.e ss;, " fixes 2
blocks of ) Then
U AGLQ(q)BS
seS
is an intersecting set of AGL2(q).

3q9—5

@ There is a 2 intersecting set with size larger than —%5—.
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Ly(pf) with stabilizer C,

Let G = La(p) with stabilizer H= C,
@ fisoddor p=2 = IF:;,, = Q € Syl,(G) is an intersecting subgroup of
G.

o If pis odd and fis even, we identify Q with IF}, let @1 be F;@/Q under
this identification, @7 is an intersecting subgroup of G.

Maximal intersecting set: An intersecting set with maximal cardinality.

Intersecting density: p(G) = ||Gi6|‘ with S a maximal intersecting set .

Lemma (Something like Ademir Hujdurovi¢ Theorem 7.2, 2022)
o fisoddorp=2 = p(G) = p1,

o fiseven, pisodd and f> 2 = p(G) = p72~1.
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Ly(pf) with stabilizer C,

Lemma
fis odd or p=2 = p(G) = p/~1. fis even, p is odd and f> 2 =
p(G) = p7*~

proof: Let Py, Py,..., Py be p" + 1 Sylow-p subgroup of G, assume

1 x 10
Plz{[o 1]|XEIpr},and sz{[y 1:||_)/E]pr}

@ Let S be a maximal intersecting set and 1 € S, we assume P NS # 1

é ﬂ € P1 N S up to a conjugation of S.

e Y€ S= YP =1 = the preimage of Yin SLy(p) is of trace +2.

andl;«éX:[

@ Assume Y€ S\P; and Y= [i 253} p#2,YXlecS=

a b— ax
Tr([c 2_‘a_c)(})_—2:>c—4/x:> 1SN P\1| < 1.
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Ly(pf) with stabilizer C,

e p=2YX1ecS=YecP =SCP,.

p#2,SZ P = |(SNP)\1| <1,if |S] > 3, up to a conjugation we
may assume SN P; # 1 and SN Py # 1.

0

X 1
4/x 1

}GSQPland Yz[

1
@ We may assume X = [0 1

:| € 5N Ps.

a b
Ze S\(XNYN1), we may assume Z = [4/)( 2—3]'
Z¢P,Z¢ Pyand ZY ' €S= b=x

X

a
i <
° [4/)( 9 _ a] € SLa2(q) = Z has at most 2 choices and |S| < 5,

S| <50rSC Py
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Ly(pf) with stabilizer C,
Assume SC Py

e fis odd, all cyclic subgroup of G = Ly(p’) are conjugate and S = P;

@ fis even, there are two G classes of cyclic subgroup of order p Gy, G

with Clﬂplz{[é )1<:| |0#X€]FE;}

o If fis even, F:f/z contains all square elements of IF:f, therefore

S= { [(1) ﬂ ’ X € ]pr/z} is an intersecting subset of G.

o If fis even, recall Paley graph P(pf) is defined by V(P(p")) = F o,

X1 ~ Xg in P(pf) if X1 —x9 € ]FEf.

o Sis a clique of P(pf), |S| < w(P(pf)) = p7?, where w(P(pf)) is the
clique number of P(p).
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Permutation groups without EKR property

Example

Let G = Sz(q) with stabilizer H= Cy4, then the Sylow-2 group of G is an
intersecting subset of G.

Example (Ademir Hujdurovi¢ et. al 2022)

Let G = La(p®) where p® =1 (mod 3) and H= Cs, then p(G) = 4/3 if
p#5and p(G) =5if p=5.
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About the strict EKR property

Groups with the strict EKR property.

@ The natural action of S, A, (Cameron 2003, B. Ahmadi K. Maegher
2014)

@ L(q) on 1-spaces of F2. (Q. Xiang et. al 2018)

e G=GlLy(q) or G=SLy(q),
H = {upper triangular unipotent matrices}. (M. Bardestani, K.
Mallahi-Karai Theorem 5, 2014)

Groups with the EKR property and without the strict EKR property
1 x z
G is the Heisenberg group G=< n(x,y,z) == |0 1 y| =xy,zeF,
0 01
H={n(x,0,0) : x€ Fp},S:= {n(x0,x*) : x€ Fp} is an intersecting
subset . (example from M. Bardestani, K. Mallahi-Karai, 2014)
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About the strict EKR property

GLa(q) on FZ\(0) does not have the strict EKR property.

[]1 A %
H_{_O b_|beIFq}
is a stabilizer, ) }
_fi{1r 0 x
5_{_3 b_|beIFq}

is an intersecting set.
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Intersecting subgroups and the weak EKR property
An intersecting subgroup of G is an intersecting subset that is also a
subgroup of G, TFAE

@ K < Gis an intersecting subgroup.
e KC UgecHg.

@ K contains no derangement of G.

Example
o G = PT'Ly(2f), where fis odd, H = (Daar—1)):(#),
K = (2%:(27 = 1)):(¢) is an intersecting subgroup of G.

o G = PI'Ly(2) where fis even, H= (Dygar_1):(¢), K =La(27%):()
is an intersecting subgroup of G.

Problem For almost simple primitive permutation group G, characterize
intersecting subgroups K such that |K| > |H|.
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