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Definition

Define 9 = (#,%) as a 2— (v, k,A) design, if
(1) & is a set of v points.
(2) A is a set of blocks, where each block is a k—subset of Z.

(3) each two distinct points are contained in exactly A blocks.

Forany a € & and B € 4, if a € B, we say (a,B) is a flag. Define b as
the number of blocks, and r as the number of blocks contain «. Then we
have

(1) vr= bk.
(2) A(v—1)=r(k—1).
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An automorphism of Z is a permutaiton of & which preserves the block
set A, i.e. Aut(2)={g € Sym(Z)|Bé € #,VYB ¢ #}.

v

Let 9 =(P,P) be a2—(v,k,A) design. Let G < Aut(Z). Then G acts
faithfully on &2, on % and on flags.

Proof.

(1) As G < Aut(2) < Sym(Z), G acts faithfully on 2.

(2) For any g € G, if g fixes all blocks and g # 1, then there exist o and
op in &, such that af = ap. For all BeTl(a;), B& =B, and

o =af € BE =B. Thus {a, 0} are on all r blocks contain o. But
r # A. A contradiction.

(3) For any g € G, if g fixes all flags, then g is also fixes all points, i.e.
g=1

Ol
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Let G < Aut(Z). We say

(1) G is flag-transitive, if G acts transitively on the set of flags of 2.
(2)

(3) G is block-(quasi)primitive, if G acts (quasi)primitively on 2.
(4)

G is point-(quasi)primitive, if G acts (quasi)primitively on Z.

G is locally-primitive, if Gy is primitive on ['(a) = {B € B|a € B}
and Gg is primitive on ['(B) = {a € Z|o € B}.

Let 9 be a G—locally primitive 2—design. Then & is G—point-primitive.

Problem

Classify locally primitive 2-design.
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Lemma (Li,2003,Analysing finite locally s-arc transitive graph)

Let I be a finite G-locally primitive connected graph such that G has two
orbits on vertices and G acts faithfully and quasiprimitive on both orbits
with type {X,Y}. Then either X=Y, or {X,Y}={PA,SD} or { PA,CD}, and
examples exist in each case.

Lemma (Li,2003,Analysing finite locally s-arc transitive graph)

Let T be a connected G-locally quasiprimitive graph. Suppose that I is
bipartite and orbits of G are the bipartite halves A1 and A,. Suppose also
that G acts faithfully and quasiprimitive on A1 and A,. Let N<G.

(1) N2t s regular <= N®2 js regular.
(2) If N is not regular on A, then NI s transitive for all v € VT.

v

Suppose 7 = (L, A) is a G-locally-primitive 2 — (v, k,A) design. Then 2
is G-point-primitive. Suppose also that Z is G-block-quasiprimitive. Then
either (G7,G?) = (HA, HA),(TW,TW), or 2 is soc(G)-flag-transitive.
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Let 9 = (2,PB) be a G-locally-transitive 2 — (v, k, 1) design. Then G is
not of type SD,CD,HS,HC.

Proof.

Suppose G7 is of type SD,CD,HS,HC. Let N = soc(G) = T™. Then N is
not regular on &, thus Ny is transitive on ['(a). Suppose Ny = T'.

Then v = % =|T|™ " and r = ||,\I,\i“;‘ HNa| =|T|", and
ged(v—1,r) | ged(|T|™"—=1,|T|')=1. As A(v—1) = r(k—1),r|A.
But A < r. A contradiction. O

Lemma

Let 9 = (P,PB) be a G-point-primitive 2 — (v, k,A) design. Then G is
not of type TW.

| A\

.
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Lemma
Let 9 =(P,%) be a G-flag-transitive 2— (v, k,A) design. Let (a,B) be
a flag, where a € &2 and B € A. Let 9' = (L', B') be a design, where
P ={Guglg € G}, B ={GuGpglg € G} and (Gugi1, GuGpgp) is a flag if
and only if Gog1 C Gy Gpgr. Then

(1) 9=2.

(2) A= [eeCanOsCatl o0 51 g & G,

|Ggl

(3) A= %, where (a, B) and (&', B) are two flags.
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(1) Define f: & — ' be a map, where f : a8 — Gug. Then Vg1,8 € G,

1
afl =B = af'8 =q <= g1g, ' € Gy <= Gug1 = Gugo.

Thus f: 2 — & is a bijection.

As 7 is a G-flag-transitive design, B = {a8|g € Gg} = a®5,

and f(B) = {f(a")|h € Gg} = {Gyh|h € Gg} = G, Gp.

Then f(B8) = {f(a"€)|h € Gg} = {Gyhg|h € Gg} = G,Ggg,Vg € G.
For all g1,80 € G,

B8 = B& — Bg1g2’1 =B — g1g2_1 € Gg = Gpg1 = Ggm

= GoGpgL = GuGpgy => 0008 = qCxC68 —; p&1 — p&2,

Thus f : % — %' is a bijection, and 2 = 2.

O

v
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(2) For all g1,8 € G,
af € B® <= Gug1 C GuGpgr <= Gg C Gy Gpgagy *
& GuNGpgog; ' #0 < Gag1NGpgr #0 <> Gug18, 'NGp #
< Gp C GgGug1g, = < Gpgr C GGugr.
Let B8 be a block contains two distinct points a8, ox82.
Then {8, a8} C B8 <= Gpg C GgGug1 N GgGugn.

The number of blocks contain a8!, 082, say Age1 e, is equal to the
number of Gg cosets on GgGyg1 N Gg Gy gy,i.e.

_ |G Grg1 N GpGyga|
A«(xg17ag2 — o
|G|

Thus
A= |GBGamGBGOlg|
|Gg|

)

where g &€ Gg.
Wu Yanni (SUSTech) Finite Locally Primitive 2-designs June 21, 2022 9/20



Lemma

Let 9 =(2,A) be a G-locally-primitive 2 — (v, k,A) design.

Suppose G is primitive on &7 of type PA, and G is quasiprimitive on 2.
Let N=soc(G)=Tix Tax - T, =TM.

Let (a,B) be a flag, where = Q" w; € Q, a0 = (01,02, ,0m), B € B.
Let T be a non-trivial subset of [m] ={1,2,--- ,m}.

Let #’ =[m]\ 7.

Define py: N — N™ = TI# by (ny,no,--- ,nm) = (hy, b2, -+, hy), where
hi=n; ifiem, and hj =1 Iflgn'

Then Ng # NE x Ng/, for all non-trivial subset w of [m].
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Proof.

Suppose there exist a non-trivial subset 7 of [m], such that
Ng = NZE x NE. Then N = N* x N™, and Ng = NZ x NZ.
As Z is N—flag-transitive,

A
|Ng|

,Vn & Ngy.

Let x* € N\ NZ. Let x™ € N™ \ NZ. Then x™-x™ 1-x* ¢ Ng. Thus
|Ng N N Np N (x™ - xF )| = |Ng N N N N (1 x™ )]

which implies

|NENE N NENEX™| - [NE NG N NE NG x| = [NFNG| - IN§ NG NG NG x™|
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Then
|NgNg N NgNgx™| = |Ng Ng|.
And

NENX* = NENG.
for all x™ € N*\ N, which implies

NENT = Ugre s NENTX™ = NENT = N”.

Similarly,
NENE = N™
Thus
NgNg = (NENZ) x (NENZ) = N* x N® = N
and A = M — b A contradiction. O

[Ng| —
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Suppose G is primitive on & of type PA, and G is quasiprimitive on %.
Then (G7,G%?) # (PA, CD).

If (G?,G?) = (PA, PA), then G is not primitive on 2.

(Suppose GZ is quasiprimitive of type PA. Then Np is a subdirect product
of R™ for some 1< R< T.)

Lemma

Let 9 =(P,A) be a G-locally-primitive 2 — (v, k,A) design. And G is
not primitive on A. Let . = {51,52,---} be a nontrivial G-invariant
partition of %, i.e. S¥ = 5;,Vg € G. Let (a,B) be a flagand B€ S € ..
Define Gs = {g € G|B8 € S}. Then

(1) GuNGg = GyNGs.

(2) For any two block By,By in' S, BiN By = 0.
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Let 9 = (2,P) be a G-locally-primitive 2 — (v, k,A) design. Then
(G7,G7) # (PA,SD).

Define N = soc(G). Then Z is N—flag-transitive.

As GZ is of type SD, we have T"< G < Ax S, where

A={(a1,a, - ,am)|ai € Aut(T), Ta; = Ta;,Vi,j}.

Let (¢, B) be a flag, where a = (w1, @, ,0m) € &, and B € A. Then

Ne ={(t1,t2, - s tm)|ti € Te, } = Ty X Tegy, X -+ Tog,,,, and without loss of
generality, let Ng = {(¢t,t,---,t)|te T} =T.

Define D : Aut(T) — D(Aut(T))={(a,a,---,a)|la € Aut(T)} < Aut(T)™
by a+ (a,a,---,a), for a€ Aut(T).

Define p : D(Aut(T)) x Sy — Aut(T) by (a,a,---,a)s — a for a € Aut(T)
and s € S,,.

Then Gg < D(Aut(T)) X Sp.

Wu Yanni (SUSTech) Finite Locally Primitive 2-designs June 21, 2022 14 /20



Define n=(n1,1,---,1) € N, where n; & Tg,. Then n¢& Ny and a” # a.
The number of blocks contain both o and " is
|N5NaﬂNBNan’

|Ng|
Suppose Ng(t1,t2, -+, tm) € NgNg N NgNgn, where (t1,t2,--- ,tm) € Ng,
then there exist (t],t5, -, th,) € Ng, such that

Aoc,oc" =

NB(t17t27”' >tm) = NB(tLté"” 71:;71)”7

ie.(tint L thty - thtol) € Ng, where t;,t/ € Ty, There exist t€ T
such that t = t]mt; L= thty 1 = - =t ;L.

Thus t € Ty, NN Ty, t1 =t tim € (Te, NN To,) Taym N Tey-
Then Ty, N---N Ty, C Ty, otherwise t1 € Ty, m N Ty =0.

Thus there exist x € Ty, N---N T, where x & Ty, and

Ta)lmT@m"'mTwm< Twm"'mTwm,

These implies @y # w;,Vi # 1. Similarly, ®; # ;,Vi # j. And
{@1,m,--- , 0y} are distinct elements. Thus m < |Q|. Suppose m = [Q|,
then Ty, N---N Ty, fixes @1. A contradiction. Then m < [Q].
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As Gug < Gg < D(Aut( T)) X Sm,
for all g € Gyp,g = (a,a,---,a)s, forsome a € Aut(T),s € Sp,.
NE = Ny, i.e.

NE — o 2)s
= {(t1,to,+ , tm)|t; € Ty Y25
={(t1, 12, ,tm)|ti € T }*
= Ny.
Thus
{Twl,"',Twm}:{wa,"‘,wa;,}-
Define Y =Ty, NN Tg,, and Y™ ={(y1,y2, - ,¥m)|yi € Y}. Then

Ya:Twlam"'mTwﬁn:Twlm"'mTwm:Y.

As S, acts on {1,2,---,m} faithfully, there exist unique s € S, such that
(a,a,---,a)s € Ggg. Thus p|g,, is an injection.
|Gas| = [p(Gas)| < |Aut(T)|.
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(1) Suppose Y # 1.
Then Nygg < Y™ < N,. And
GaB = NoBGas C Y™ Gy C NgGop = Gg.
For all g=(a,---,a)s € Gug, where a € Aut(T) and s € Sp,,

(Y™ME=(Y x--xY)@ s = (Yax...x Y=Y x...x Y=Y

Thus Y™Gypg is a group, and Y4 Y™MGyp.

Let y = (y1,¥2, - ,¥m) € Y™, where y1 # yo.

Then y & Gy, and Gy # Y Gy5.

As Y™ < N, we obtain Y"GagNN=Y™(GugNN)=Y"Nyg=Y".
But Gg NN =Ny # Y™ Thus Y"Gyp # Gg.

Then Gyg < Y Gy < Ggy, and Gypg is not a maximal subgroup of
Gg. A contradiction.
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(2)

(2.1)

Suppose Y =1.
Then Ngg = {(t,---,t)[te Y} =1
As p : Gg — Aut(T) is a group homomorphism, p(Gys) < p(Gg).

Suppose p(GuB) = p(GB).

As p(Ng) =T < p(Gg), and T is transitive on Q , m < |Q|, there
exist t € T < p(Ggp), such that of & {w1,0,--,0n}.

Thus there not exist s € Sy, such that (t,t,---,t)s € Gug. A
contraduction.

Suppose p(Gug) < p(Gg).

As Ggp is a maxical subgroup of Gg,(Ggys,g) = Gg, for all

g € Gp\ Gyp.

The map p : Aut(T) X Sy — Aut(T) is a group homomorphism.

Then p(Gg) = p((Gas:&)) = (P(Gas),p(g)), for all g € Gg\ Gas.

If p(g) € p(Gag), then p(Gag) = p(Gg).
A contradiction.

Then p(g) € p(Gas)-
Thus p(Gyg) is a maximal subgroup of p(Gg).
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2.2.1) Suppose p(Gug)N'T # 1.

222

~—

Consider the group H= (D(p(Ggg)N T), Gys).

Let 1 £t € p(Ggg)N T. Then there exist unique s; € S, such that
(t,t, -, t)st € Gyp.

As Ngg=1,s; #1, forall 1 £t € p(Gus)NT.

Thus s; € H, but s; & Gg. S0,Gep < H.

As p(H) = p(Gas) < p(GB),H # Gg.

So Gyug < H < Gg. A contradiction.

Suppose p(Gge)NT =1.

Then p(Gg) =T : p(Ggs)- And

T = (e < (Coey = Goat = s = K < [Nl =T
Thus Gg = p(Gg) < Aut(T), and

Gg/Ng = p(Gg)/p(Ng) < Aut(T)/T is solvable.

Then Gg has unique minimal normal subgroup Ng and Gg is
primitive and faithful on I'(B) of type AS.

But Ng is regular on I'(B). A contradiction.

Wu Yanni (SUSTech) Finite Locally Primitive 2-designs June 21, 2022



Thank you!



