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Overview

A subgroup of linear(symplectic/unitary) groups in Aschbacher's class Cg
is the normalizer of a symplectic type p -group of exponent p(p,2) in
linear(symplectic/unitary) groups.
@ Structure and automorphism groups of symplectic type p-groups
@ Structure and automorphism of extraspecial p-groups
@ Regular p-groups
@ Inner automorphisms of extraspecial p-groups.
@ Embedding symplectic type p-groups in linear (Symplectic/unitary)
groups
@ Representation of extraspecial-r groups R (here r is a prime number).
@ Full normalizer of R in linear groups.
©® Dimension 2 examples.
@ Dimension 3 examples.
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Symplectic-p group, Extraspecial p-group and Regular
p-group

A p-group P is of Symplectic type if every characteristic abelian
subgroup of P is cyclic.

A special-p group is a p-group P such that ®(P) = Z(P) = P/, if
moreover ®(P) = Z(P) = P' 2 Z/pZ, then P is called an extraspecial-p
group.

Definition

A P-group is regular if for each x,y € P, (xy)P = xPyP[]; d? for some
di € <X7y>/
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Definition

Let P be a p-group,

Qu(P) :=(x | x € P,xP" = e)
Uk(P) :=(x"" | x € P)

A not very important theorem: If P is a regular p-group, Qx(P) = {x €
k k
P xP" = e}, Uk(P) = {xP" | x € P}, |P/Qu(P)| = [O«(P)|

If [x, y] commutes with both x and y, then
o [x%,y] =[x, y]°
o (Xy)” = X”y”[y,x](g)
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Extraspecial-p group

Let P be an Extraspecial-p group,
o (xy)P = x”y”[y,x](g), therefore, P is regular if p > 2.
@ P is of exponent p or P is of exponent p2.
e P/P" = P/®(P) is elementary abelian
o f:P/®(P)x P/®(P)— Z(P), f(X,y) = [x,y] is a symplectic
form on P/®(P) if p > 2. « Therefore |P/z(p)|= p" for sane infeger m

o If p=2, (xv)? = x%y?[y,x], Q: P/®(P) — Z(P), Q(x)=x%1is
a quadratic form on P/®(P).
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Minimal example of Extraspecial-p Groups

E(p®) = pi*? = (Z/pZ)*(Z/pZ)
M(p?) = pI*2 = (2/p*L):(Z/ L)
Qg =212 = <Xy|x—ex2—y x¥ = x71)

Ds =22 = (x,y | x*=y? =e,x = x71)
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Inner automorphism of Extraspecial-p group

Let P be an extraspecial-p group and let o € Aut(P). If o leaves every
element of P/Z(P) fixed, then o € Inn(P).

Proof.
let A :iseAat(P)‘ 4 leaes every element of P/Q(P) ﬁ\xeoq

L@ER G p/2(p) TIm®) i elementray - abelan
m(P) T i

tor of
d. let f, - ) be o gener
inima .
Pel "Sen s detomined b 8% S w7 bes pchoe,
B hoice$ Hence
o, 5 has PN =P/l @ 0
Theref (|2 A1 = (20 “[Im®] o )

oy gl “=" helds ond hente  A=Tnn(P) .
n
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Corollary of Inner automorphism of extraspecial p-group

Suppose E < G and E is an extraspecial-p group, and [E, G] < Z(E),
then G = E o Cg(E)

Proof.

One notes -that i EQ )
ii the action of G om € by COnjue
4ion is Lnner automorphism.

G\|
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Structure of Extraspecial-p group p > 2

Let P be an extraspecial-p group of exponent p where p > 2, then
o If P is of exponent p, then P = E(p%) o E(p®) o... E(p®) = pit?™
o If P is of exponent p?, then P = M(p3) o E(p3)o---0 E(p%) = p:™™

Proof.
o the trick s to write P as CoCalE).

e show the seond one and the firsf one § easier } .
tes Sme P & reglor. and 105 casy that Uigy= AP Az |n,p| = IPsp] =P heme SUR) s et ertospecel
in v

Hene  Z(Su(M) ¥ Z(P) o
\= p* § =Cpty)  and % ¢ SLPI=Cpty)
. take ® €P such that ko a <P comporing the order, Qi) o0y .
then PGy <P P
foke y € Z(SUPN \ 2P
- = NG
let E=¢uyr = M i
(£, p] =P 2P =2UE) Hemec ;(z Ecu &,”;b.)i(?)
2(Gi) = GO N D) L L o0
s Cﬂi’}zﬂg.ic}ﬂ/ﬁp) P entery abelion,  Cyley= (G = 2(Ge)
jnce
Cp®) s on Sibopesil P79
Cple) s of :xrnn:nm[ P D
y

P and Cp@) = Gu=Sup)
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Structure of Extraspecial 2-group

Let P be an extraspecial 2-group, then
o Either P = Dgo Dgo...Dg = 2L+2™
] OrP§ngDgo-~-oD8:21_+2m

© (go Q= DgoDg 2 DgoQg
det T€ll A qitoe, atzyr Ak
- (ui; QEDS)‘ <1ﬂw'>6whem «Ef‘ :) U:""E (Yp;‘e (7‘ =

et @ Qo0 —— Doelx
@, 1)

y (H 1)
Gio D Ch, ®)
[P —— (0 , &)
o W

2 (%, W)

Then @ induces Gn  isomorphism from Gan&‘ 1o

By countng the number of eltments of order 4, O get§
Gi ° &i & Drs o Qs

O]

v
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Structure of Symplectic-type p-group

Let P be a symplectic-type p group, then P is a central product of E and
S where

@ E is trivial or E is an extraspecial p-group, and
@ S is cyclic or isomorphic to Dan, Qon, SDon.
o If p > 2 then exp(E) = p.

Proof.

) v Cet®)

(Only show the case p >2) still wite Puas Eoceo o o

2(p") ohor P cher P od  2(p) i cyce,  while P'=B(P) heme P’ s gyelic andt P2 erefore

I and Sp) = Treplar=\3 ) 7

o feﬂ“"() C/-r s clementary abolon  henie F@=c'ad 3E)=E ZE) i’ abelun  ZE) (mrfg(m?;#mﬁn,zlt)

sLEtc c%c:%‘d? ZL’)»-EZ/B 2(5(@) e TE) oo E P hene 2@D) 8 gee and hene F(E) B e Fe)z 2

v yeli n E) =2 ecial
hcmcl = 2E) BE) # g @ e P Ak hene €18 estraspeciel

E -der
PTGy let SEGE) while SU(S) = 2LE) ™ eyele of order p
- P

Hene  § 3 cyckc:
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Structure of Cg subgroups

Kleidman-Liebeck p149(" We will be concerned only with symplectic-type
r-groups with minimal exponent”)

structure R,|Z(R)| | notation | Cau(r)(Z(R))
E(r3) 0---0 E(r3) F1+2m r F1+2m r2m szm(r)
Dgo---oDg pl+2m o | pl¥am 22m, 02,,,(2)
Dgo---oDgo @ | 21T2m 2 | ol+2m 2°m.0,, (2)
Z)4Z o Dgo...Dg | 2172m 4 | 4021+2m | p2m Spgm(2)
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Automorphism of those groups above

Automorphisms induced on Z(R) Let R be an extraspecial r-group,
Aut(R) induces full automorphism on Z(R).

Assume Z(R) = (z), take {x1, y1,%2, Y2, ... Xm, Ym} to be a generator of R
such that [x;, yj] = e if i # j, [xi, yi] = z,[xi, xj| = [vi, yj] = e for each

i,j €[m]. Let  : R — R such that 6 is defined by

(0(xi), 0(yi)) = (x7,yi) where s is a generator of FJ, then () induces full
automorphism on Z(R). O

v

Theorem

Let H C Aut(R) be the set of automorphisms of R that induces trivial
automorphism on Z(R), that is H = Cau(r)(Z(R)). Then H < Aut(R)
and Aut(R) = (0)H

v
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Automorphism of those groups above

We use the same notation H = Cau(r)(Z(R)) as last page.

Theorem

Let R be an extraspecial r-group, then
e Ifp>2, then H/Inn(R) = Sp,,,(p)
o If R =21™ then H/Inn(R) = Opm(2)*.
o If R =22 then H/Inn(R) = O2m(2)~.

| \

Proof.

In all cases, there is a symplectic or quadratic form on R/Z(R), o € H
preserves those forms. Let T € Sp,,,(r) (or O3 (2) or O, (2) ), such that
T induces [t; j] on standard basis (with respect to that formed spaces). [
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Automorphisms of Extraspecial-p groups

Contiuning We take {x1, x2, X3, y4, - . . Xoam—1, X2m } to be a generator of R
such that [x;, xj] = e and [x;, x;] = z if and only if (i, /) = (2k — 1, 2k) for
k € [m]. (For 2172™) we take another generator respectively.

o Let

2m 2m

$:R— R, Hxa’z »—>H H G) )% z€
i=1 j=1
o ¢(x") = (¢(x))*

o
2m

2m
S(([Tx"129) = ([T o(x)?1z¢
i=1 i=1
o [¢(x),d(y)] = [x,y] for all x,y € R
o ¢ € Aut(P) if and only if ¢(xP) = xP for each i € [2m]
[]
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More about Cau(ry(Z(R))

This is essential later since " H 22 Cauy(r)(Z(R)) " Kleidman-Liebeck p151
@ By previous page , r > 2 then Cay(r)(Z(R)) = r*™. Spyp,(r)
o Take ¢ € Caug(r)(Z(R)) such that ¢ induce —Z on R/Z(R), Let
Hi = Ccpmy(2(R)) (@), then
e Hilnn(R)/Inn(R) = Spy,(r),
e HiNlInn(R) = e(Aut(R)).
@ Spy,(r) = Hilnn(R)/Inn(R) = Hi/H1 N Inn(R) = H;.
o Cau(r)(Z(R)) = Inn(R):Hy = r2™:Sp,,..(r)
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Representation of those groups above

Assume R is a symplectic-type r group of exponent r(2,r) as in table
above, and that r £ p. Then

@ R has precisely |Z(R)| — 1 inequivalent faithful absolutely irreducible
representations over an algebraically closed field of characteristic p.
Denote those representation by p1,...pk, k = |Z(R)| — 1.

@ The p; are quasiequivalent of degree R™, the smallest field over which
they can be realized is Fpe, where e is the smallest integer for which
p¢ =1 (mod |Z(R)|)

@ Ifi#j, then p; and p; differ on Z(R).

First representation over C, then by (|G|, p) = (r,p) =1 and ... O
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Proof of Representations of R owr €

We only Show the cxe when R 3 “extraspecial —r  gro«p et R=rmm
Smie [ImR1= [RfzRy| s jost thoe automorphins of R thet lears every ponts of R/2cR) fised.
Yy«

e orbits of ImR. = e onjugocy claes o R “"< R rerna = pmer-l closses
L) premoge of §
N am (ineo 5
Sme  R/p o thereare T CEMB&'” Jer/2R)

 ton be the lnesr—characters of R
B r'q‘ : v b e o characters of R ake xe R\2R)
o o e

8y ulou:n —morﬂoaonaln‘g? we hgw C |< im
R o | -t?..l%m] =l aRM| ST
() iz 2 o T -
—pm p:n=0 for €ach i€
Tacte, e gt GO0 - , 0 iefor) differ
"0 emvu:m‘sht’s ;m«a ARY” It's clear thet ¢z = Y o scalars. therefare , @ z& ), p-1) dliffers

. we then calculate the degree of 0 ieled
By row _ortamely » 2 el e =)deg . m
RS B S B et 2 Bt @i =1

AeR
this is becaase (,z(g) are scolor matrices
e mitive r—th
tatons . let w=eF w3 o« prmb
- Constructim of jl:ePrCJtn 1 et wee s i o
m=l RE< Y *’l l ’W o) <GL(O

ot P(RRORR) = (ROMO - B =CLOO B <CL-tO).
m ene§ m ones m _omes
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Proof of Representations of R over a Finite freld.
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Structure of normalizer of R

Let 7 be an representation equivalent to p1,

NGL(V)(RW)/CGL(V)(RW) S Aut(R), CGL(V)(RTF) < End]F eR(V) =F

T:

R = QLLV) T indues an isomorphisms fom AE(R) 4o Aut(R)

TA: At(R) —22— Aut(RT)

p — Tiofom

let R(R, V) be

fie set of embeddings of R4 GLLV)

We show that Aut(R) gits O R(R, V)
let AntR)  * R(R, V) — R(RV)
(g ) — 6. R— GLLY)
) r— 7(pr)

the orbits of the actions of Aut(R)  are olied

the semi—equvalence clags of pﬁ'hﬂenfalrb‘\) of R

Sne  AtR) induces

andk 0, - Q- differs T 2(R)

te foll —autmmamms on 2(R)

Awt(R)  acts transitively o He equivalene  classes o

repreientetims of R
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where dm(V)=r™
the stabilizer of a equvelonce clss 0
et mee representatien in the equivaleace Closs ¢,
ctablier of 0 ¢ {@l e an ]
S @ ( /Vauv)(R)/Cmm(R))

this 75 beawe ey ar hdued by comj<getm
uf Novmoleer 25 Rn in AtRT)

On the otfer hand . TSITT‘SNT[J are e

awtomorphims of R thet leses every elerent of 2R)
fred  sinee pr detho ) differs on 2(R)
Hence YP [t ~Ti) = Cawry (At (R))

and /\/auu)@i)/csuw[m = Caery (At R)
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