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Overview

A subgroup of linear(symplectic/unitary) groups in Aschbacher’s class C6
is the normalizer of a symplectic type p -group of exponent p(p, 2) in
linear(symplectic/unitary) groups.

1 Structure and automorphism groups of symplectic type p-groups
1 Structure and automorphism of extraspecial p-groups
2 Regular p-groups
3 Inner automorphisms of extraspecial p-groups.

2 Embedding symplectic type p-groups in linear (Symplectic/unitary)

groups

1 Representation of extraspecial-r groups R (here r is a prime number).

2 Full normalizer of R in linear groups.

3 Dimension 2 examples.

4 Dimension 3 examples.
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Symplectic-p group, Extraspecial p-group and Regular

p-group

Definition

A p-group P is of Symplectic type if every characteristic abelian

subgroup of P is cyclic.

Definition

A special-p group is a p-group P such that �(P) = Z (P) = P 0
, if

moreover �(P) = Z (P) = P 0 ⇠= Z/pZ, then P is called an extraspecial-p
group.

Definition

A P-group is regular if for each x , y 2 P , (xy)p = xpyp
Q

i d
p
i for some

di 2 hx , yi0
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Definition

Let P be a p-group,

⌦k(P) :=hx | x 2 P , xp
k
= ei

fk(P) :=hxpk | x 2 Pi

A not very important theorem: If P is a regular p-group, ⌦k(P) = {x 2
P | xpk = e},fk(P) = {xpk | x 2 P}, |P/⌦k(P)| = |fk(P)|

Theorem

If [x , y ] commutes with both x and y , then

[xa, y ] = [x , y ]a

(xy)n = xnyn[y , x ](
n
2)
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Extraspecial-p group

Let P be an Extraspecial-p group,

(xy)p = xpyp[y , x ](
p
2), therefore, P is regular if p > 2.

P is of exponent p or P is of exponent p2.

P/P 0
= P/�(P) is elementary abelian

f : P/�(P)⇥ P/�(P) �! Z (P), f (x̄ , ȳ) = [x , y ] is a symplectic

form on P/�(P) if p > 2.

If p = 2, (xy)2 = x2y2[y , x ], Q : P/�(P) �! Z (P), Q(x) = x2 is

a quadratic form on P/�(P).
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Minimal example of Extraspecial-p Groups

E (p3) = p1+2
+

⇠= (Z/pZ)2:(Z/pZ)
M(p3) = p1+2

�
⇠= (Z/p2Z):(Z/pZ)

Q8 = 2
1+2
� = hx , y | x4 = e, x2 = y2, xy = x�1i

D8 = 2
1+2
+ = hx , y | x4 = y2 = e, xy = x�1i
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Inner automorphism of Extraspecial-p group

Theorem

Let P be an extraspecial-p group and let � 2 Aut(P). If � leaves every
element of P/Z (P) fixed, then � 2 Inn(P).

Proof.
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letAY.se/tutcp)l0leareseueryelementofP/zcpjfxedjImCP)EA
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Therefore.ohaspn-MZ.cm/choicesiHencelInnlP)1=lAl=lP/ZlP)l=lInn(P)l- -_- (f)

ln 凶 all
" ⼆
" holdsandhenl.CA ⼆ Inn (D).



Corollary of Inner automorphism of extraspecial p-group

Theorem

Suppose E  G and E is an extraspecial-p group, and [E ,G ]  Z (E ),
then G = E � CG (E )

Proof.

(SUSTC) Short title April 3, 2022 8 / 21

OnenotesthatiEOGiitheactionofGonEbycgugat.vnisInnerautomorph.im



Structure of Extraspecial-p group p > 2

Theorem

Let P be an extraspecial-p group of exponent p where p > 2, then

If P is of exponent p, then P ⇠= E (p3) � E (p3) � . . .E (p3) = p1+2m
+

If P is of exponent p2, then P ⇠= M(p3) � E (p3) � · · · � E (p3) = p1+2m
�

Proof.
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• thetrickistoniritepasE.cc,(E).
NeshowtheseondoneandthefirstoneBeasier.sncepisregular.andItseasythatU.cm = Z(P) ⼆ 区和tn.cm/=lP/oicpl=p2mhencehlP)isnotextraspecial.HenceZEh(P))FZ (D)

• takexEPsuchthathkmtakeyezoupnlzcmth.cn r.cpECpcykpcomparingtheordenfhcp-Cpcpandxctfhcp-G.cn

letE-cx.y7EMCPJEE.PJEPEZCPKZCEJHenceP-EOC.plE)
ZCC.plE)) = G, (E) 17 CpkpED-GKE.GE

》) = Z ( P)

| < G, (E)
' EPEZPXOmparrgtteorderG.IE)

'
= Z (p) = Zkp (E))

sina.GE/GcE)1=Cp(E)kcp)iselementaryabelian.CpCE)'=E(Cp (E))
= Z (G,则

G, (E) isanextraspecialp-gnoupandC.pl
E) EG.ly) = 2 1 ( p) ,

Cp (E) isofexponent.tl l p .



Structure of Extraspecial 2-group

Let P be an extraspecial 2-group, then

Either P ⇠= D8 � D8 � . . .D8 = 2
1+2m
+

Or P ⇠= Q8 � D8 � · · · � D8 = 2
1+2m
�

Proof.

Q8 � Q8
⇠= D8 � D8 � D8 � Q8
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let.USi = i , y i ) , where.IE 91.23.x ,
- 4
= e

, xi-ynxiy.in

And (D)i. = <xi , 炒 ,

whereiEG.BY/4=eyi=eyyi'=(xij1D80DsLet4iQs0Q5-cx..1)cx.
,

1 ) ⼀⼀)
( y ,

ㄨ 2 )
( ⽕ ,

1 )

( 1 , ✗ 2) -5"-7 ( 1
,
x )

( 1 , 以7 -) ( x , ⽕ )

Then 4

inducesanisomorphismfromQsoQstoDgoD.BY
countingthenumberofeltmentsoforder4.onegetSQ.coQs ⽣ 1780 Qs



Structure of Symplectic-type p-group

Let P be a symplectic-type p group, then P is a central product of E and

S where

E is trivial or E is an extraspecial p-group, and

S is cyclic or isomorphic to D2n , Q2n , SD2n .

If p > 2 then exp(E ) = p.

Proof.

(Only show the case p > 2)
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' and IlE) ⼆ E '
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Structure of C6 subgroups

Kleidman-Liebeck p149(”We will be concerned only with symplectic-type

r -groups with minimal exponent”)

structure R ,|Z (R)| notation CAut(R)(Z (R))
E (r3) � · · · � E (r3) r1+2m

,r r1+2m r2m.Sp2m(r)
D8 � · · · � D8 2

1+2m, 2 2
1+2m
+ 2

2m.O+
2m(2)

D8 � · · · � D8 � Q8 2
1+2m, 2 2

1+2m
� 2

2m.O�
2m(2)

Z/4Z � D8 � . . .D8 2
1+2m, 4 4 � 21+2m

2
2m.Sp2m(2)
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Automorphism of those groups above

Theorem

Automorphisms induced on Z (R) Let R be an extraspecial r -group,
Aut(R) induces full automorphism on Z (R).

Proof.

Assume Z (R) = hzi, take {x1, y1, x2, y2, . . . xm, ym} to be a generator of R
such that [xi , yj ] = e if i 6= j , [xi , yi ] = z , [xi , xj ] = [yi , yj ] = e for each

i , j 2 [m]. Let ✓ : R �! R such that ✓ is defined by

(✓(xi ), ✓(yi )) = (x si , yi ) where s is a generator of F⇥
p , then h✓i induces full

automorphism on Z (R).

Theorem

Let H ✓ Aut(R) be the set of automorphisms of R that induces trivial
automorphism on Z (R), that is H = CAut(R)(Z (R)). Then H E Aut(R)
and Aut(R) = h✓iH
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Automorphism of those groups above

We use the same notation H = CAut(R)(Z (R)) as last page.

Theorem

Let R be an extraspecial r -group, then

If p > 2, then H/ Inn(R) ⇠= Sp2m(p)

If R = 2
1+2m
+ , then H/ Inn(R) ⇠= O2m(2)

+.

If R = 2
1+2m
� , then H/ Inn(R) ⇠= O2m(2)

�.

Proof.

In all cases, there is a symplectic or quadratic form on R/Z (R), � 2 H
preserves those forms. Let T 2 Sp2m(r) (or O

+
2m(2) or O

�
2m(2) ), such that

T induces [ti ,j ] on standard basis (with respect to that formed spaces).
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Automorphisms of Extraspecial-p groups

Proof.

Contiuning We take {x1, x2, x3, y4, . . . x2m�1, x2m} to be a generator of R
such that [xi , xj ] = e and [xi , xj ] = z if and only if (i , j) = (2k � 1, 2k) for
k 2 [m]. (For 2

1+2m
� ) we take another generator respectively.

Let

� : R �! R ,
2mY

i=1

xaii zc 7!
2mY

i=1

(

2mY

j=1

(xj)
ti,j )

ai zc

�(xaii ) = (�(xi ))ai

�([
2mY

i=1

xaii ]zc) = [

2mY

i=1

�(xi )
ai ]zc

[�(x),�(y)] = [x , y ] for all x , y 2 R

� 2 Aut(P) if and only if �(xpi ) = xpi for each i 2 [2m]
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More about CAut(R)(Z (R))

This is essential later since ”H ⇠= CAut(R)(Z (R)) ”Kleidman-Liebeck p151

By previous page , r > 2 then CAut(R)(Z (R)) ⇠= r2m. Sp2m(r)

Take � 2 CAut(R)(Z (R)) such that � induce �I on R/Z (R), Let
H1 = CCAut(R)(Z(R))(�), then

H1 Inn(R)/ Inn(R) ⇠= Sp2m(r),

H1 \ Inn(R) = e(Aut(R)).

Sp2m(r) ⇠= H1 Inn(R)/ Inn(R) ⇠= H1/H1 \ Inn(R) ⇠= H1.

CAut(R)(Z (R)) = Inn(R):H1
⇠= r2m: Sp2m(r)
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Representation of those groups above

Theorem

Assume R is a symplectic-type r group of exponent r(2, r) as in table
above, and that r 6= p. Then

1 R has precisely |Z (R)|� 1 inequivalent faithful absolutely irreducible
representations over an algebraically closed field of characteristic p.
Denote those representation by ⇢1, . . . ⇢k , k = |Z (R)|� 1.

2 The ⇢i are quasiequivalent of degree Rm, the smallest field over which
they can be realized is Fpe , where e is the smallest integer for which
pe ⌘ 1 (mod |Z (R)|)

3 If i 6= j , then ⇢i and ⇢j di↵er on Z (R).

Proof.

First representation over C, then by (|G |, p) = (r , p) = 1 and ...
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Proof of Representations
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Proof of Representations of R
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Structure of normalizer of R

Let ⇡ be an representation equivalent to ⇢1,
NGL(V )(R⇡)/CGL(V )(R⇡) . Aut(R), CGL(V )(R⇡)  EndFpe R(V ) = F⇥

pe
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